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1 Introduction

Hybrid approaches combining differential equations and machine learning, commonly referred to
as physics-informed machine learning, have gained significant attention in recent years. Prominent
examples include Physics-Informed Neural Networks (PINNs) [1] and Physics-Informed Gaussian
Processes (PIGPs), the latter naturally providing uncertainty quantification. PIGPs encode differential
constraints directly in the covariance kernel, and existing approaches can be roughly grouped into
two schools of thought. Operator-based constructions apply differential operators to a base kernel,
yielding systematic and algorithmic methods, but are often restricted to controllable systems [2] or
specific classes of differential equations [3] or may require many auxiliary outputs [4] and a relatively
large amount of data. In contrast, Mercer-type constructions build kernels from problem-specific
solution components such as Green’s functions [5] or fundamental solutions [6]; while typically data
efficient, they rely on analytical insight and substantial manual derivation. We propose Monge-GPs, a
hybrid construction based on Monge parametrization that unifies operator-based kernels as in [2] and
Mercer kernels as in [6]. By parametrizing the controllable dynamics algorithmically and restricting
problem-specific design to a low-dimensional autonomous component, the approach substantially
reduces the need for manual kernel design, and stays data efficient while lifting the restriction to
controllable systems.

2 We present: Monge GPs - The theory

Let’s suppose we have a system of linear ODEs or PDEs, represented by a full row-rank operator
matrix R and unknown solutions η of the form

Rη = 0. (1)

This system is called controllable, if all possible solutions in a function space (for example C∞) can
be written in the parametrized form η = Bζ for any ζ ∈ C∞, where B is an operator matrix that
forms the null-space of R, i.e. RB = 0. Gaussian processes are closed under linear operators, so we
can construct a parametrized GP by transforming the kernel with this parametrization matrix such as
in [2]. We need a base kernel k0, whose realizations are dense in C∞, in order to be able to realize
the ζ in our solution - the standard RBF kernel is the natural choice here. The parametrized kernel is
then simply K(x,x′) = B(x)BT (x′)k0(x,x

′). We see that this parametrization approach depends
crucially onB being non-trivial and expressive enough, and therefore per definition on controllability.

If the system is not fully controllable however, we propose to instead decompose the solution
using the so-called Monge parametrization as used in [7], leading to our Monge-GP. The basic
idea can be formalized as follows: We can split the system matrix R into its controllable part R′

and its autonomous part represented by R′′, such that R = R′′R′. Since R′ is controllable, it has
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a parametrization matrix B (i.e. R′B = 0), as well as a right-inverse matrix (R′)−1. Defining
R′η =: ξ, we define a new, but equivalent, system of equations

Rη = 0 ⇔
(

R′′ξ = 0 ∧R′η = ξ
)

. (2)

This means we first need to find the solutions of the autonomous problem R′′ξ = 0. This corresponds
to a Mercer-type construction applied to the reduced autonomous subsystem, which is typically much
simpler than the original system since the parametrizable component has already been separated.
Given our found solution ξ (for n ≥ 1 independent vector-valued solutions, ξ will be a matrix with n
columns), we can go ahead and solve the inhomogeneous equation R′η = ξ, whose general solution
can be split into a homogeneous and a particular part η = ηh + ηp. With the parametrization matrix
B we can write the general homogeneous solution as ηh = Bζ for any ζ ∈ C∞. Furthermore, by
inverting R′, we can find a particular solution to the inhomogeneous part of our problem, thus writing
the general solution as

η = Bζ + ((R′)−1ξ)C⃗ ∀ζ ∈ C∞, C⃗ ∈ R
n. (3)

How can we translate this into our kernel function? The homogeneous part of the solution is
controllable and can therefore be translated into the kernel through parametrization just as discussed
earlier. The autonomous, i.e. particular part of the solution in contrast has more constraints and can
therefore in general be expressed through its fundamental solutions ϕ = (R′)−1ξ as a Mercer kernel

kp(x,x
′) =

∑

ij

ϕi(x)Σijϕj(x
′)T ϕi, ϕj ∈ ϕ. (4)

with a positive semi-definite, and in general diagonal, covariance Σ. Since GPs are closed under
addition, we can then form a full GP that is able to realize all controllable and autonomous solutions
of our system by adding the parametrized and autonomous kernel. The full solution kernel is then
simply

K(x,x′) = B(x)BT (x′)k0(x,x
′) + kp(x,x

′). (5)

3 Example: Bipendulum

Let’s consider the Bipendulum ODE system also discussed in [3, 8]. It consists of two pendula, of
lengths ℓ1 = ℓ2 = 1 that are connected on top by a rod that moves according to its acceleration u(t).
The linearized system is represented by

Rη =

(

∂2

t + 1 0 −1
0 ∂2

t + 1 −1

)

(

θ1(t)
θ2(t)
u(t)

)

= 0. (6)

setting the gravitational acceleration to g = 1 for simplicity. The parametrizable part of our system
R′, the corresponding parametrization matrix B and right-inverse matrix (R′)−1 are

R′ =

(

1 −1 0
0 ∂2

t + 1 −1

)

B =





1
1

∂2

t + 1



 (R′)−1 =

(

1 0
0 0
0 −1.

)

(7)

Since R′ ̸= R, we need to define the autonomous subsystem represented by R′′ by factorizing R,
yielding

R′′ξ =

(

∂2 + 1 1
0 1

)(

ξ0
ξ1

)

=

(

0
0

)

⇒ ξ1 = 0, ξ0 ∈ span{cos(t), sin(t)}. (8)

This leads to the autonomous solution

ηp = (R′)−1ξ =

(

1 0
0 0
0 −1

)

(

cos(t) sin(t)
0 0

)

=

(

cos(t) sin(t)
0 0
0 0

)

(9)
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and therefore the full solution therefore reads

η =





1
1

∂2 + 1



 ζ +

(

cos(t) sin(t)
0 0
0 0

)

C⃗ ζ ∈ C∞, C⃗ ∈ R
2. (10)

All that is left to do is to translate this into a kernel function. Since the autonomous solution can be

represented by the tuple ϕ(t) = span{

(

cos(t)
0
0

)

,

(

sin(t)
0
0

)

}, the corresponding kernel is a Mercer

kernel as in eq. 4. Choosing Σ = I and exploiting trigonometric identities, we get the autonomous
kernel

kp(t, t
′) =

(

cos(t− t′) 0 0
0 0 0
0 0 0

)

(11)

and therefore the total Monge-GP kernel reads

k(t, t′) = B(t)k0(t, t
′)BT (t′) + kp(t, t

′)

=





k0(t, t
′) + cos(t− t′) k0(t, t

′) (∂2

t′ + 1)k0(t, t
′)

k0(t, t
′) k0(t, t

′) (∂2

t′ + 1)k0(t, t
′)

(∂2

t + 1)k0(t, t
′) (∂2

t + 1)k0(t, t
′) (∂2

t + 1)(∂2

t′ + 1)k0(t, t
′)



 . (12)

We can now implement this kernel in python using the python package PCGP
1 [9] and use it to

either solve the differential equation for any initial conditions, or to solve the inverse problem of
estimating ℓ from available data, as discussed for example in [9]. In Fig. 1 we show a solution
to the bipendulum problem for a sinusoidal input u(t) = sin(2t) with randomly chosen boundary
conditions and additive Gaussian noise of σ = 0.03 on the input. The analytical solution for the
particular boundary conditions is marked with a red dotted line. Even with few conditioning points,
the posterior closely matches the analytical solution.
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Figure 1: Example of the solution of a forward problem using Monge-GPs. The mean is depicted in
dark blue, the 2σ confidence interval is light blue, the analytical solution is marked in red, and the
training data are shown as black stars.

1freely available on github: https://github.com/moserjo/PCGP
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4 Ongoing work

We are currently comparing this approach to others [4, 3, 6] in performance and expect it to work
well, especially in the low data regime. It is a general approach that is specifically not restricted
to controllable systems, and can be used both in ODE and PDE settings with constant coefficients.
We are currently looking into well-definedness for systems with non-constant coefficients using for
example Weyl algebras (allowing for polynomial and rational coefficients) as a suitable operator
ring. We are also currently looking into finding the autonomous solution algorithmically, where
grade filtration [10] may be a promising candidate. If successful, we will implement an automatic
construction of the Monge-kernel as an extension in the python package PCGP [9].
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